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We show that any topologically transitive codimension-one Anosov 
flow on a closed manifold is topologically equivalent to a smooth Anosov 
flow that preserves a smooth volume. By a classical theorem due to Ver- 
jovsky, any higher dimensional codimension-one Anosov flow is topolog- 
ically transitive. Recently, Simic showed that any higher dimensional 
codimension-one Anosov flow that preserves a smooth volume is topolog- 
] ically equivalent to the suspension of an Anosov diffeomorphism. There- 

■ fore, our result gives a complete classification of codimension-one Anosov 

£f) ' flow up to topological equivalence in higher dimensions. 

o ' 

1 1 Introduction 
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In [IT], Livsic and Sinai showed that an Anosov flow $ = on a closed 

S manifold preserves an absolutely continuous measure with respect to the Lebesgue 
measure if and only if det(D<I> T )p = 1 for any periodic point p with period T. 
\ In de la Llave, Marco, and Moriyon showed the corresponding result for 

smooth volumes. Their results give a characterization of Anosov flows with 
C°° invariant volume. However, the following natural question is still open and 



X 



■ important. 



Question 1.1. Which Anosov flow is topologically equivalent to a volume pre- 
serving one? 

We answer this question for codimension Anosov flows. That is, 

Main Theorem. Any topologically transitive codimension-one Anosov flow on 
a closed manifold is topologically equivalent to a C°° Anosov flow with a C°° 
invariant volume. 
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It is well-known that any Anosov flow that preserves a volume is topologi- 
cally transitive. Therefore, the above theorem is optimal for codimension-one 
case. Remark that there exists a three-dimensional Anosov flow that is not 
topologically transitive (see [5]). 

When the dimension of the manifold is greater than three, the main theorem 
yields an important conclusion. In 1970's, Verjovsky conjectured that any higher 
dimensional codimension-one Anosov flow should be a classical one. That is, 

The Verjovsky Conjecture. Any codimension-one Anosov flow on a closed 
manifold of dimension greater than three is topologically equivalent to the sus- 
pension flow of a toral automorphism. 

We recall two results on codimension-one Anosov flows on higher dimensional 
manifolds. Let M be a closed manifold of dimension greater than three and $ 
be a C°° codimension-one Anosov flow on M. 

Theorem 1.2 (Verjovsky [16], see also [2]). <!> is topologically transitive. 

Theorem 1.3 (Simic |15]L If $ preserves a C°° volume, then it is topologically 
equivalent to the suspension flow of a hyperbolic toral automorphism. 

With their results, the main theorem implies 

Corollary 1.4. The Verjovsky conjecture is true. 

As far as the author's knowledge, no counterexample is known to the analogy 
of the main theorem for higher codimcnsion. So, we pose 

Conjecture 1.5. Any topologically transitive Anosov flow is topologically equiv- 
alent to a volume preserving one. 

The main ingredient of the proof of the main theorem is a generalization 
of Cawley's deformation of Anosov systems. In [3], Cawley gave a method to 
deform a two-dimensional Anosov diffcomorphism into another one that has 
the desired expansions along the stable foliation and the unstable foliation. In 
Section [3l we generalize the Radon-Nikodym realization theorem, which played 
the central role in her method, to codimension-one Anosov flows. It allows us 
to deform an Anosov flow into another one that preserves a volume in some 
sense, but the deformation destroys the smoothness of the flow. So, we need 
more effort to obtain a smooth flow. It is done in Section [4j 
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de Mathematiques Pures et Appliquees, Ecole Normale Superieure de Lyon. 
He would like to thank the members of UMPA, especially Professor Etienne 
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pointed out that Theorem 12.11 is due to Hart and he gave a simpler proof of 
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2 Preliminaries 



2.1 Notations 

By Z and K, we denote the set of integers and real numbers respectively. For 
an integer r > and a G (0, 1), we say a map between C°° manifolds is of class 
C r+Q if it is of class C r and all r-th partial derivatives are a-H61der continuous. 
We say a map is of class C r+ if it is of class C r+a for some a G (0, 1). 

Let 7r : E^B be a finite-dimensional vector bundle over a Hausdorff space B 
and <; be a continuous metric on E. We denote the norm corresponding to g by 
|| • \\ g and the fiber ir^ 1 (p) of p G £? by For a linear map F between fibers 

and E(q), we denote the determinant of F with respect to the metric g by 
det s F. We define t/ie operator norm \\F\\ g of i* 1 by 

\\F\\ g = sup{\\F(v)\\ g \vEE(p),\\v\\ g <l}. 

2.2 Regularity of foliations 

Let J be a continuous foliation on a manifold M. We denote the leaf that 
contains p G M by T{p). For an open subset [/ of M, let be the foliation 
on U such that (^^(p) is the connected component of J-{p) H £/ containing 
p G M. A coordinate cp — (x±, ■ ■ ■ ,x n ) on U is called a foliation coordinate of 
J- if a: m -|_i, • • • , a;„ are constant functions on each leaf of J^lu: where m is the 
dimension of T . A foliation is of class C r+ if it is covered by C r+ foliation 
coordinates. We denote the tangent bundle of M by TM . If T is a C 1 foliation, 
then we denote the tangent bundle of T by TT . For a homeomorphism h from 
M to another manifold M', we define a foliation H(T) on M' by H(J 7 )(p) = 
H(T(H-\p))). 

In general, if a foliation T is of class C r+ , then TT is of class C^ r 
However, the following theorem due to Hart implies that we may replace T in 
its C r+ -equivalence class so that TT is of class C r+ . 

Theorem 2.1 (Hart [HI Theorem B]). For any C r+a -foliation T on a C°° 
closed manifold M , there exists a C r+a diffeomorphism H of M such that 
T(H(J-)) = DH(TJ-) is a C r+a subbundle ofTM. Moreover, we can choose 
the diffeomorphism H so that it is arbitrary C r -close to the identity map. 

We give a short proof in Appendix [XJ The theorem has an immediate 
corollary, which is important for our proof of the main theorem. 

Corollary 2.2. Let Mi be a C 1+ closed manifold and C an oriented C 1+ one- 
dimensional foliation on Mi. Then, Mi admits a C°° -structure that is compat- 
ible with the C 1+ -structure of Mi and such that C is generated by a C 1+ vector 
field. □ 

2.3 C°° invariant volumes 

We show the following proposition in this subsection. 
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Proposition 2.3. Let X$ be a C 1+ vector fields on a C°° closed manifold M. If 
the flow generated by Xq preserves a Holder continuous volume, then Xq can be 
C 1 -approximated by a C°° vector field that generates a flow with a C°° invariant 
volume. 

For a C 1 vector field X on M and a continuous metric g on TM, we define 
a function div s X on M by 

div g X(p) = lim i logdet ff D$*(p) 

if the limit exists for any p € M, where $ is the C 1 flow generated by X. 
Remark that the formula 



div e h. g X = (dimM) • Xh + div g X (2.1) 
holds when div X is well-defined and h is differentiable along X. 

Lemma 2.4. Let n be the dimension of M . For any C 1+a vector field X 
and any C°° metric g on TM , the function dxv g X is well-defined and of class 
C a . Moreover, if a sequence {Xk}k>i of C 1+a vector fields converges to X 
with respect to the C 1+a -topology, then {div g Xk}k>i converges to div g X with 
respect to the C a -topology. 

Proof. The metric g induces a C°° volume form co g on M. Fix p s M. By 
Morser's lemma, there exists a C°° coordinate ip = (xi,--- ,x n ) on an open 
neighborhood U of p such that (i/j^^'Wj is the standard volume form dx\ A 
• • ■ A dx n . We define functions a±, ■ • ■ ,o„ on f(U) by 

The standard argument gives a formula 

i—1 

even if X is only of class C 1+Q . Hence, div g X is a well-defined C a function 
and it depends continuously on X. □ 

Now, we prove Proposition 12.31 Let Xq be a C 1+a vector field on M that 
preserves a Holder continuous volume and $0 be the C 1+a flow generated by 
Xq. Fix a C°° metric <7o on TM. There exists a C a function ha such that 
det e h . go D$q(p) = 1 for any p £ M and f 6 R, By Lemma l2.4[ div 9o X is 
well-defined and of class C a . Since 

(dimM) • {h o $*(p) - h (p)) + logdet S0 -D$* (p) = logdet e » . 9o .D^(p) = 0, 
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ho is differentiable along Xq and 

(dimM)-X /io = -div ffo X . (2.2) 

The standard construction by using a mollifier gives a sequence {hk}k>i of C°° 
functions on M such that 

\\hk - ho\\c<> + \\X h k - X ho\\c < p 

where || • ||c° is the C Q -norm of a function. Take a sequence {Y k } k >i of C°° 
vector fields on M that converges to X Q with respect to the C 1+Q -topology. 
By Lemma |2~H for any fixed k, div e h fc9o Y k , converges to div e h fc9o X as a C a 
function when k' tends to infinity. Hence, by taking a subsequence of {Y k } k >i 
if it is necessary, we may assume that 

II div e" fc -go Y k ~ div e^.go X o\\c<* < £ 

By the equations (|2.1[) and (|2.2p . we have 

div e h k 9o Yfe = (div e h fc . go Y k - div e h k . ga X ) + (dimM) • (X Q h k - X h Q ) 

and the right-hand term converges to 0. 

Now, we mimic the proof of Theorem 2.2 in [T] due to Arbeito and Matheus. 
We fix a point p* S M. Let and grad fe / be the Laplacian and the gra- 
dient flow of a C°° function / with respect to the metric e hk ■ go. Since 
the integral of — div e h fc over M is zero, the partial differential equation 
Afe/fc = — div e h k Y k has a unique C°° solution f k with fkip*) = and 
the sequence (fk)k>i converges to in the C 2+Q -topology. The vector field 
X k = Y k + grad fe f k satisfies 

div e'^-g Xk = div e'^- go Y k + ^kfk = 

and the sequence {X k } k >i converges to X with respect to the C 1+ct -topology. 
2.4 Anosov flows 

Let M be a C°° manifold and <& a C 1+ flow without stationary points. By T<£>, 
we denote the one-dimensional subbundlc of TM that is tangent to the orbits 
of <£>. We say $ is Anosov if there exists a continuous D3>- invariant splitting 
TM = T$ © i; ss © E uu , a continuous metric g on TM, and a constant A > 
such that 

uY^{\\D^\ E ss {p) \\ g , WDS-^Euu^Wg) < exp(-At) (2.3) 

for any p £ M and any t > 0. The splitting TM = T$ © £: ss © E™ is called an 
Anosov splitting of It is known that the splitting is Holder continuous and 
the subbundles E ss , E uu , T$ © ^ ss , T$ © S uu are uniquely integrable. The 
corresponding foliations are called the strong stable foliation, the strong unstable 
foliation, the weak stable foliation, and the weak unstable foliation, respectively. 

We say $ is a codimension-one Anosov flow if E uu is one-dimensional. It 
is known that if $ is a C°° codimension-one Anosov flow, then T<E> © E ss is of 
class C 1+ . See e.g. Corollary 19.1.12]. 
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2.5 The Gibbs measure for subshift of finite types 

In this subsection, we review some basic results on symbolic dynamics. Fix 
a positive integer fe*. Let E be the set of maps from {m £ Z | m > 0} to 
{1, • ■ • , k„}. Wc define a distance on E by 

ds( ^' ) = { Lp(inf{m>0|£(m)#£'(m)}) (f ^ (2 ' 4) 

We also define the shift map a by <r(£)(m) = £(to + 1). The metric space (E, fix;) 
is compact and the map er is Lipschitz continuous. 

Fix a (fc* x fc*)-matrix A = (ay) with entries in {0, 1}. Suppose that A is 
mixing, that is, there exists mo > I such that all entries of A m ° are positive. 
Let YiA be the set of maps £ £ E such that agft+ivft) = 1 for any k > 0. It is a 
er-invariant closed subspace of E. By a a, we denote the restriction of a to Ex- 
We call the pair (E^ct^) the subshift of finite type associated with the matrix 
A. 

Let TTA,m be the natural projection from E^ to the set of maps from {0, • • • , m- 
1} to {I,-- - ,fc»}. Put E A; (E^). For any given Holder continuous 

function g on E^ , we define the topological pressure P aA (g) of g with respect to 
o-a by 



Pva (d) = lim — 



m— >+oo m 




771—1 



sup 2^5° <^(0 



(2.5) 



It satisfies 



P„M - P«a(92) < Pa A (0) ■ sup ( 3l (£) - g 2 (0), (2.6) 

'771-1 \ 

)=m-P tTA {g 1 ) (2.7) 

for any Holder continuous functions g%, g 2 , and any integer m > 1. Since A is 
mixing, we can see that (0) is positive. 

Lemma 2.5. Let g be a Holder continuous function on E^ such that 



777 — 1 

inf V 5 o^(0 > 



i=o 

/or some m > 1. Then, there exists p — p{g) > suc/i t/ia£ P aA (—p • <?) = 0. 

Proof. Put <7 m = X^jlo 1 3 ° "a - By the assumption, there exists C > 1 such 
that C" 1 < £ m (£) < C for any £ e E A . By ([12]), we have P a ™(-p • ffm) = 
m ■ P UA (—p ■ g) for any p > 0. The inequality (|2.6[) implies 

^-1 < fo-y (~P2 ■ ffm) ~ Pt% (~/3l ' gm) < ^ 

P (TT (0)-(pi-p 2 ) 



G 



for any p\ > P2 > 0. Hence, the function p i— > P<r A (—p-g) is continuous, strictly 
decreasing, and unbounded from the below. Since P aA (0) > 0, there exists p > 
such that P aA (—p ■ g) = 0. □ 

Let X, Y be topological spaces and / : X-^Y be a covering map. For a 
Borel measure p of Y, there exists a unique Borel measure v of X that satisfies 
z^(A (~1 U) — p{h{A (~l [/)) for any Borel subset A of X and any open subset 
U such that is an homeomorphism onto its image. We call the measure 
v local push-forward of p and denote it by p o h. Notice that it a is a local 
homeomorphism, and hence, we can define p o <ta for any Borel measure p on 

Theorem 2.6. For any given Holder function g on Sa, t/iere exists a Borel 
probability measure p g and a positive Holder continuous function h g on £a such 
that 

1. p g is non-atomic and positive on each non-empty open subset o/£a 7 

2. the measure h g ■ p g is a a- invariant and ergodic, and 

3. for any £ G T*a, 

log%^(0 = -^)+^(s) 

dp g 

Proof. Sec Chapter 1 of [3]. □ 



3 The Radon-Nikodym Realization Theorem 

Fix a C°° n-dimensional closed manifold M and a C°° codimension-one topo- 
logically transitive Anosov flow $ on M. Let TM = T$ © E ss © E uu be the 
Anosov splitting of By T ss , T uu ', ^" s , and ^ rn , we denote the strong stable 
foliation, the strong unstable foliation, the weak stable foliation, and the weak 
unstable foliation of $, respectively. Fix a C°° Riemannian metric g on M that 
satisfying the equation (|2.3|) for some A > 0. We denote the distance induced 
from g by d Then, we have 

limsupilogd($ t (gi),$*(g 2 )) < -A (3.1) 

for any qi £ M and (72 S J- ss (qi). 

Let e) be the open e-ball centered at p £ M. For p e M, (5 > 0, and 
a = s,u, ss, m, let !F$ {p) be the connected component of T a (jf) fl <5) that 
contains p. There exists < (5 < <5i < such that J 7 ^ (p) is a disk for any 
p € M and any <r = s,u, ss,uu, and the holonomy map h pq : Tg u {q)^'J : ^{j)) 
of the foliation T s is well-defined for any p 6 M and q 6 B(p,5o). 

Let A / (($) be the set of families v — {vp] p£ M of measures that satisfy the 
following properties: 
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1. Up is a Borel measure on T uu (j>) that is locally finite, non-atomic, and 
positive on each non-empty open subset of T uu (p) . 

2. If F uu {p) = F uu {q), then v p = v v 

3. The Radon- Nikodym derivative d(y p o h pq ) / dv q {q) at q is well-defined for 
any p G M and q G B(p,5o), and it is Holder continuous with respect to 
p and q. 

The rest of this section is devoted to the proof of the following theorem, 
which is a keystone of the proof of the main theorem. 

Theorem 3.1 (The Radon-Nikodym Realization Theorem). For any Holder 
continuous positive function f on M, there exists v = {v p } P £M G A4(<5>) and 
p > such that 

V dv P J Jo 
for any p £ M and t G R. 

Remark 3.2. The original version of the theorem is shown by Cawley [3] for two 
dimensional Anosov diffeomorphisms. Our proof follows her argument, but we 
construct a family of measures on leaves of T uu directly, not only a transverse 
measure class of T s . 

3.1 Markov partitions 

We call a quadruple R = (U, <f 1 R s , R u ) a rectangle for i> if 

• U is an open subset of M, 

• tp is a continuous coordinate on U satisfying 

ip~ l (R x R n - 2 x y) c T s {ip- l {w,x,y)), 
ip^iR xixljc ^{^{w.x.y)) 

for any (w, x, y) G ip(U) C M" = R x R"~ 2 x R, and 

• R s and R u are compact subsets of R™ -2 and R respectively, and [0, 1] x 
R s x R u C <p(U). 

For a rectangle R = (U,ip, R s , R u ), we define subsets R, Inti?, d'_R, and d' + R 
of M by 

1=(^- 1 ([0,1] x R s x i? u ), 
Inti? = (ys^ 1 ((0,1) x Inti? s x Inti?"), 
d'_R = tp^iO x Inti? 5 x Inti?"), 
d' + R = ip~ l (l x Inti? s x Inti? 11 ). 
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A rectangle R is called proper if Int R s = R s and Int R w = R u . We call a finite 
family 1Z = {Ri = (Ui,ipi, Rf, of proper rectangles a Markov partition 

associated with $ if M = U -Li Ri, Int Ri H Int i?j = for i ^ j, and 

^(1 x R* x w ) c ^(0 x RI x w ), (3.2) 
ipr l (o x Xi x Ri) C <fij\l x aj x i?J) (3.3) 

for any i,j = 1, • ■ • and p = (^(l, aJj, Vj) = Vi" 1 ^ ^ e n 
T/ie transition matrix of 72. is a (i* x i*)-matrix (a^) that is defined by ay = 1 
if d'_Ri fl 0j.i2j ^ and ay = otherwise. The following theorem is well-known 
(see 03]). 

Theorem 3.3. For any 5 > 0, i/iere exists a Markov partition 7Z = {Ri = 
(Ui, <pi, Rf , Ri)}l=i such that its transition matrix is mixing and the diameter 
of Ui is less than S for any i = 1, • • • , £*. 

Fix a Markov partition 1Z = {Ri — (Ui, ipi, Rf, i?")}^ such that the diam- 
eter of Ui is less than 5q/8 and d'_Ri H d' + Ri = for any i = 1, • • • , i*. Remark 
that the holonomy map /i P9 : !Ff u (q)— >J~~fi U (p) is well defined for any p 6 f/j and 
<7 e f/j with £/j n C/j- ^ 0. 

Let E,4 be the subshift of finite type associated with the transition matrix 
of 1Z. For p G M, a pair (t p ,£ p ) is called an itinerary of p if t p is a strictly 
increasing function on {m G Z | m > 0} with t p (0) = 0, £ p is an element of Ha, 
and ^'(p) G H^( m ) for any m > and £ G [r p (m), r p (m + l)]. Any p G M admits 
at least one itinerary. 

Fix a point pi of Inti?^ for each i — 1. ■ ■ • , i*. Put (wi,Xi,yi) = (fi(pi) and 
/" = ipf (wi x .-Ei x E). We define a map ni from f/j to If by 7r i ((/9~ 1 (w, x, y)) = 
ipi 1 (wi,Xi,y). In other words, ~Ki is the projection to If along T s . We put 
A? = (pr\wi xi,x ijy) and A" = |Ji=i K- 

Let Ay be the subset of A" consisting of points p that admits an itinerary 
( t p>£p) with £ p (0) = j and = i. We define a map <I>y from Ay to A" by 

$ij(p) = 7Ti o $ 7 >( 1 -'(p). By the standard argument, we can show that for any 
given £ G Ha, there exists a unique p^ G A" that admits an itinerary (t p ,£ p ) 
with £ p = £. We define a map 70i : Ha^A u by 7T^(^) = p^. Since any p G M 
admits an itinerary, the map it a is surjective. The uniqueness of p^ implies that 

7TA ° <J A {0 = %1)£(0) (tTa(O) 

for any £ G XU, and hence, 

^o<(C P )-^ p(m) °^ (m) (p) (3-4) 

for any p G M, any itinerary (t p , £ p ) of p, and any m > 0. 

Recall that is a metric space with the metric d-% that is given by (|2.4p . 
The set A" admits a natural metric do as a subset of the Riemannian manifold 
M. 

Lemma 3.4. The map tta is Holder continuous. 
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Proof. Since <E> expands the foliation T uu , there exists A' > and a distance ci' 
on A u such that <f is comparable with do and d'($ij(p),<&ij(q)) > e x d'(p, q) for 
any p, q £ A^-. Let C be the diameter of A" with respect to d'. Since 

KA ° 0"a (£) = $ {(m)e(m-l) ° ' ' ' $ C(1)C(0) ° ?u(0 
for any £ e and m > 1, we have 

^(^(0,^(0) <e" fcV •rf>Ao4(C),7r A o^(0) <Ce x 'd^,ef 
for any £, £' e S^i, where fc is the integer with cis (£,£') = e _ ' fe+1 ). □ 

3.2 Construction of a family of measures 

Put A = {(p, q) e M x M | g e JF| n (p)}. We can define a continuous function 77 
on A by t](p,p) = and $*?(p>9)(p) g .F ss (<j). Since the foliation J 7815 is Holder 
continuous, so 77 is. 

Fix a positive Holder continuous function / on M. Wc define a function u 
on A by 

r°° / \ rv(p,i) 

u{p,q)= [f o $* (g) - / o $*-H»(P.9) (p)Jdt- / o $* (p) tft. 



By the Holder continuity of / and the inequality (|3.ip . the function u is well- 
defined. It is easy to check that the equations 

u(pi,pa) = u(pi,p2) + u(p2,p 3 ) (3.5) 



u($*(p 1 ),$*(p a )) = u(pi,pa) 



/ /°* r tp 2 )dT+ / fo^ip^dr. (3.6) 
Jo Jo 



hold for any Pi,P2,P3 £ M and t > when the both sides of the equations are 
well-defined. 

Lemma 3.5. The function u is Holder continuous. 
Proof. Put 



It is sufficient to show that is Holder continuous. 
Take positive constants S, C, j3\, and /?2 such that 

|/(p)-/(«/)| < Cd(p,q) S (3.7) 

d(**(p), $«(?)) < e^d(p,q), (3.8) 

d($*(p),$*(p')) < ^e^ 2 * (3.9) 

for any p, q £ M, p' £ ^| s (p), and i > 0. Fix (^2,92) 6 A. Put p^ = 

$*7(Pi,9i)(p.) an d T = -(2 < 5/3i)- 1 log(d(pi,p 2 )' 5 + %i, 92) 15 ). We may assume 
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that (pi,gi) and (^2,92) are sufficiently close to each other so that 3> T (<2i) G 
^!*($ T (Pi)) for i = 1,2. Then, we have 

\Uoo(Pl>Ql) ~ Uoo(p 2 ,q2)\ 

<[ \f°&(p' 1 )-fo<Z> t (p' 2 )\dt+ [ \fo&( qi )-fo&(q 2 )\dt 

JO JO 

rOC rOO 

+ |/o**(gi)-/o* t (p'i)|«+ / \f°&(q2)-f°&(p' 2 )\dt 
Jt Jt 

i-T poo 

< Cidip'^p'z) 6 + d{ qi ,q 2 ) 5 ) / e l3lSt dt + 2C 1+S / e -* at tft 



Since is Holder continuous with respect to (pi,qi), the function Uoo is 
Holder continuous. □ 

We define a function f \ on S,i by 

/a(0=«M"a(OW(0)- (3-10) 

Since a a, ft a, and u are Holder continuous, also /a is. 

Lemma 3.6. For any p G B4, any itinerary (t p ,£ p ) o/f>, m > 0, and t G 
[Tp(m),r p (m + 1)], 

-t m— 1 

/ /o$» dr = u(¥(p),n A (a^^ p )))~u(p,n A (Q)+J2 /a(4&>))- (3.H) 

Proo/. Since $ T (p) G JF| (<& Tp ^(p)) for any r G [T p (j),T p (j + 1)], we have 
7j($*(p), <&* (p)) = t — t', and hence, 



for any j = 0, • • • , m and i, i' G [r p (j), r p (j + 1)]. Put = 71^ o <t a (£ p ). The 
equation (|3.5p implies 

O+i) 

/ o $» dr = u{^ +1 \p),p J+1 ) + u(p j+ i, Pj ) + ufa, ^\p)) 

= u{^ +l \p),p 3+l ) + j A o 4(4) - u(^{p), Pj ) 

for any j = 0, • • • , m — 1. Remark that all terms in the above equation are 
well-defined since {p v p J+ i} C ^| o/2 ($ r (p)) for any r G [r p (i),r p (j + 1)]. Now, 
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we have 
ft 



f f Q T (jp)dT 
JO 

ft rn-1 r r p (j+l) 

= / /o$»dr+ / fo^(p)dT 

J T„(m) ._ n Jt v U) 



o{™) j =0 J r p (j) 



+ y, {«(* T * w+1) (p),p i+ i) + /AK(e P )) - «(* r ' w (p),Pi)} 

m— 1 

= u(*«(p),*M»0(p)) + u(4 T '<- w >(p) J p m ) - u (p,p ) + £ /a(°a(&)) 

4=0 

m— 1 

4=o 

□ 

Since it is bounded and / is positive, the above lemma implies that 

m — 1 

inf £/W A (O>0 

for some m > 1. By Lemma [2~5l there exists p<s> > such that P CT4 (—p<s>-fA) = 0. 
Let (//, /i) be the pair of a measure and a Holder function on E^ that is given 
by Theorem 12.61 for ~p$ ■ Ja- The measure p satisfies 

log^^(e) = p*-/.(0 (3-12) 

for any £ G E^- 

Fix ei > such that B(pi,4ei) C Int-Ri. Put 

Ea = {e £ E A I % ) 0^(^(0) C |J t>0 *"*(5(pi,ei))} , 

va = n ^ m (s A )- 

m>0 

By the inclusion (13. 2|) . we have cr^ 1 (E^ l ) C E^, and hence, E^J = er^S^) = 

Lemma 3.7. TTie set E^ ftas non-empty interior as a subset o/E^. 

Proof. Since F s {p) = UteR ^'(-^" ss (p)) f° r anv there exists <5' > such that 

J%(p)C (J #*(^(p)) (3.13) 
te(-c5',<5') 
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for any p G M. Since <& contracts leaves of ^ rss uniformly, we can take T 1 > 

such ttlQjt 

&(Tt?(p)) C ^~(**(p)) (3.14) 

for any p G M and i > T". Put p' x = $~( T ' +l5 ')(pi) and suppose p' x G i?^. By 
the inclusions (|3 . 1 3|) and (|3.14p , we obtain 

nM) c U ^(^"(pi)) 
i*i<«' 

c |J ^ T '+ s 'H^(p 1 ))c\J^>- t (B(p 1 ,e 1 )). 

\t\<8' t>0 

Put qi — n il (p' 1 ). Since 7T^ (gi) C .Ff (p^), there exists an open neighborhood 
U of qi in A" such that 

EER-n^p) c ^(p) c |J ^(flfa.ei)). 

for any p G [/. Therefore, 7r^ 1 ([7) n {£ G E.a | £(0) = ii} is a non-empty open 
subset of E^. □ 

Lemma 3.8. The restriction of it a to E^ 3 is injective and 

p(E^) = 1. (3.15) 

Proof. Fix £ G E^ and an itinerary (t p ,£ p ) of p = tta{£)- Since ct™(£) G E^ 
for any m > 1, there exists a sequence {tk)k>i such that lim^oc i*. = +oo 
and $ tfc (p) G B(p x ,ei) for any k > 1. By and (|33|) . the positive orbit 

{$*(p) | t > 0> of p intersects neither <^([0, 1] x dRf x Rf) nor ^([0, 1] x Rf x 
9i?") for any i = 1, • • • , i*. It implies that <I>*(p) G Inti?£ p ( m ) for any m > 1 
and i G (t p (to), T p (m + 1)). Since Inti?i flint i?j = for any i ^ j, (r p ,£ p ) is 
the unique itinerary of p = tta(£)- Therefore, the restriction of tta to E^ 3 is 
injective. 

Recall that h is a positive Holder continuous function and h ■ n is a cr^- 
invariant ergodic measure. Since erT^E^) C E^, 

h'n(T%)= lim / t . M (<r/K)) = P (^). (3.16) 

m — >oo 

Lemma l3~7l implies /ti(E^) > 0. Since ft, • ^ is ergodic, we have ^(E^f) = 1. □ 

We define a probability measure // on A u by the pullback of fi by 7Ta, that is, 
n'(B) = /j,(7t7 1 (-B)) for any Borel subset i? of A". Recall that /x is non-atomic 
and positive on each open subset of E^. Since it a is a surjective map onto A", 
the support of // is A". By the above lemma, we have fi' (A u \tta(^a')) = 0- 
Since the restriction of it a on E^j 3 is injective, p' is non-atomic. 

Take > such that 

*'(J*(p))c;F'($*(p)) (3.17) 
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for any p £ M and t > 0. We put 

Vi = (J -F £ s », V?» = IS n Trr^TrAfSJ)). 

Remark that 1/°° is a subset of \J t>0 $~'(-B(pi, 2ei)). 

Recall that 7ri is the projection from a neighborhood C/j of Ri to a neighbor- 
hood I? of Af. For p <E M, let be the restriction of tt., to .F™(p) n [/,. Since 
hi tP is a covering map, we can define a measure Vi >v on T uu (p) by 

z/ ijP (A) = p$ • / exp(u(g, 7Ti(g))) d((ti' o h itP )(q) (3.18) 

for any Borel subset A of !Ff u {p). The measure z/^ p is non-atomic, locally finite, 
and positive on each non-empty open subset of J- uu {p)f\Vi. Moreover, it satisfies 
^,p(^ rtl "(p)\V" l 00 ) = 0. By the equation (|3TT2]) . we have 

log ^(i).^(^«))°^(i)«°)) KA(0) = p$ . /Aft) (3 . 19) 
for any £ e S^. 

The following proposition is a keystone to the construction of the required 
family {v p } pe M- 

Proposition 3.9. The equation 

log E^! w {q)=p$- fo<5> T (q)dT. (3.20) 

d %(0),9 Jo 

Zio/ds for any p G M, any itinerary (t p ,£ p ) of p, m > 1, t S [r p (m),Tp(m + 1)], 
and q 6 .T 7 ^ (p) . 

Proof. Put = $*((/), CpO) — *ji andpj = 7ta(ct a (^ p )) for j = 0, • • ■ , m. Notice 
that q 1 G -^(^(p)) C J-g o (p m ). On a small neighborhood of q in J 7UU (q), we 
have 

By the definition (|3 . 1 8[) . we have 

~~~T ° fegP = exp(p$ • 7Ti(g)) - p* • (p, 7T,-(p))) = exp(p$ • u{q,p)). 
if 7Ti (p) = 7Ti (g) . It implies that 

d(l/ im ,g/ 0$*) 



-to) 



exp • < u{q',p m ) + ^2 fA(o- J A (£ P )) +u(p ,q) 
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By Lemma T3.6I and the equation (|3.5[) . we obtain the required equation (|3.20[) . 

□ 

Corollary 3.10. For any i = l,--- q G V°°, and t > with $'(g) £ 



p*- / fo&(q)dt 
Jo 



dv^ q 

In particular, v,^ p = i>j tP on J- uu {p) HVi HVj for any p G M . 

Proof. For q G V^ 00 , there exists p G J 7 ^ (g) n R % fl T^ 00 . Let (t p ,£ p ) be a itinerary 
of p with £ p (0) = i and m be the integer such that t G [r p (m), r p (m + 1)). Since 
G ^(^'(g)) C S(pi,3ei), we have r p (m) = 1. Now, the former half of 
the corollary follows from the proposition immediately. 

For any p G V°°, there exists t > such that $'(p) G £?(pi, 2ei). Hence, the 
former half implies v itP = Vj tV on T uu (p) n PI V^°° for any i,j = 1, • • ■ , i* 
and p G M. Since (p)\ V i°°) = 0, we obtain the latter half of the 

corollary. □ 

Now, we prove Theorem O Recall that M = \J\' =1 Vi. By Corollary l3~T0l 
we can define a measure v v on T uu {p) by v p (U C\V%) = v i:P (U CiVi) for any 
i = I,-- - ,i* and any Borel subset U of T uu (p). Then, v v is a non-atomic 
locally finite measure whose support is J- uu (p). 

Fix p G M and put 5 = {i — 1, ••♦,«» | p G i?;}. Notice that Uies ^» 
is a neighborhood of p. Take an open interval / in T uu (p) fl UieS ^ that 
contains p. If g G M is sufficiently close to p, then h qp (I) C Uies ^ an d 
h qp (I fl ^°°) = fr gp (-0 n V^ 00 for any i G S. For any i G S and any Borel subset 
U of I, we have 

= ^Jh qp (unvr)) 



unv° 



exp (p$ • u{h qp {p'),p')) dv itP (p') 



exp • u(hqp(p'),p')) dv i>p (p'), 



and hence, 



o h qp ) 



log v g ^ qpj (p)=ps-u(h qp (p),p). (3.21) 

Since u is Holder continuous, the family {v p } p eM is an element of .M (<£■). Since 
the manifold M is closed and 

U{¥{p),p) = f fo^(p)dT 

Jo 

for any p G M and any sufficiently small t > 0, the equation (13.211) implies 

dv P Jo 
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for any p 6 M and any tel. 



4 Deformation of Anosov flows 

4.1 C r+,0+ -flows tangent to a foliation 

Let V be an open subset of R n+1 = {(t,x,y) G M x M™ -1 x R}. A continuous 
map F : V^« n is called of class C 1+ > 0+ if F, dF/dxi,--- ,dF/dx n - U and 
dF/dt are well-defined and Holder continuous. We say a sequence {Fk}k>i of 
maps from V to M™ converges to F m i/ie C 1 ' -topology as k^oo if F&, 
dFk/dxi, ■ ■ ■ , dFk/dxn-i, and dFk/dt converges to F, dF/dxi, • • • , dF/dx n -i, 
and dF/dt with respect to the C°-norm, respectively. 

Let M be a C 1+ n-dimensional closed manifold and F a C 1+ codimcnsion- 
one foliation on M. A continuous flow $ = {$*} te R is called of class C^ + ' 0+ if 
it preserves each leaf of T and there exists a family {ip p : U p ^R n } pe M of C 1+ 
foliation coordinates of T such that U p contains p and the map 



is well-defined and of class C 1+ ' 0+ on a neighborhood V p of (y> p (p),0) in R n+1 
for any p e M. If $ is of class C^ + ' 0+ then for any C 1+ foliation coordinate 
<p p and any sufficiently small neighborhood V p of (<p p (p),0), the above map F p 
is well-defined and of class C 1+ ' 0+ on V^,. Remark that any C 1+ flow which 
preserves each leaf of T is a C^ + ' 0+ flow. 

We say a sequence {$fc}fe>i of C:^ + ' 0+ flows converges to $ m i/ie C 1 ' - 
topology if there exists a neighborhood V p C V p of (<p p (p), 0) such that the map 
F& iP : ^ ^ p o $| o is well-defined on for any k > 1 and the 

sequence (Ffc iP )fc>i converges to F in the C 1,0 -topology. 

Fix a Holder continuous metric g on M. Let $ be a Cjr + ' 0+ flow on M. It 
is generated by a Holder continuous vector field tangent to TT. Let TM = 
T$ © F$ © F^ be the orthogonal splitting with respect to g that satisfies T<3> © 
F<j> = TT. By 7r$ and 7r^, we denote the natural projection onto F$ and 
F^ with respect to the splitting. For each t E M, the restriction of <j>* to 
each leaf of F defines an isomorphism Djr& of FF. The one-parameter family 
{Z?jF<l>*} te R forms a Holder continuous flow. We define a Holder continuous flow 
JV>$ = {JV>**} t€ R on F<j, by 



Linear holonomy of F along the orbits of $ also induces a Holder continuous 
flow on F^r. 

For a flow ^ = {V^jteiR on a topological space F, we say a function a on 
B x K is a cocycle over a flow ^ if cc(p, s + 1) = a(p, s) + a(tp s (p), t) for any 



F p : (w,t) i-> <p p o $* 




AV$* = 



7T$ oDjr$*| Bs . 
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p e B and s,t e M. Put 

a*(p,i;.F;5) = logdet fl (iV>$*) p , 
ai(p,t;^; ff )=logdet s (Ar>$*) p , 
/8»(p,t;^; ff )=log||(JV>$ t ) 1 ,|| ff . 

Then, a$ and a$ are cocycles over 3>, and /?$ satisfies 

/?(?,* + *) <P(P, s)+f3($ s (p),t). 

If a sequence ($k)k>i of C^~ ,0+ flows on M converges to $ in the C^-topology, 
then a$ fc , a^ fc , and /3$ fc converges uniformly to a$ , a$ , and /3$ respectively on 
M x [-T, T] for any given T > 0. 

Lemma 4.1. Let $ be a C 1+ and C^ + ' 0+ flow on M. Suppose 
inf { c4 (p, Ti ;F,g),-fe (p, 7\ ; JT, fl ) } > 

/or some Ti > 0. T/ien, there exists an Anosov splitting TM = T$ © S ss 
sucft tftof T$ E ss = TT. 

Moreover, if <& is of class C°° and 

mf M {a*{p,T 2 -,F,g) + ai(p,T 2 -,F,g) - fe{p,T 2 -,f,g)} > 

for some T 2 > in addition, then the subbundle T<fr © E uu is of class C 1+ . 

Proof. Without loss of generality we may assume that TT is transversely ori- 
cntablc. Let E be the orthogonal complement of T<£> with respect to g and ir 1 - 
the orthogonal projection from TM to E. We define a flow 7V$ = {7V$*} te n 
on E by = n 1 - o £)$*. Remark that E = E® (B E^ and the projection 

71-^ coincides with 7r$ on T<I> © £$. In particular, 7V$*(w) = 7V^-$*(w) for any 
v E E&. We also remark that iV^$*(u') = -zr^ o £)$*(?/) = 7r^ o iV$*(u') for any 
'•' /•.„. 

Let r(£$) be the set of continuous sections of It becomes a Banach 
space by a norm ||£||r = sup p£M ||£(p)|| s - Let v 1 - be the unit tangent vector 
field ofE£. Since 

t^o AT$V(f>)) = i\£*V(p)) = exp(<4(p,t;.F )5 )) -^(^(p)), 

we can define a map r$* on r(.E$) by 

r$*(0(**(p)) +« ± (**(p)) - exp(-ai(p,t;^, 5 )) • JV$* (£(p) + tr L (p)) . 

Since N<& — {N&} is a flow and a$ is a cocycle, the family {r$*} tg R forms a 
flow on r (£$). Put 

(i) = inf (c4 (p, i; J 7 , g) - /?* (p, t;T,g)) . 
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Then, we have C 9 (t + t') > C$(t) + C$(i') and 

||r$ { (0 - r$*«')||r < exp(-C»(t))||£ - e'llr (4.1) 

for any t, t' > and € r(£^-). Since C$(Ti) > 0, the contraction mapping 
principle implies that the flow T<I> admits a unique fixed point £o- Let So be 
the one-dimensional subbundle of TM that is generated by the vector field 
v 1 - + £o- Since the restriction of tt^ to Eq is an isomorphism onto E$, there 
exists T' > such that inf pe M ||^V$ T |e ( p )|| s > 1. By the standard argument 
(see e.g. [5]), the flow $ admits an Anosov splitting TM = T$ © £ ss © E uu 
with T$ © = T$ © £ ss and T$®E = T$® E uu . 

The latter half of the lemma is a consequence of the C"*-section theorem for 
E (see e.g. [H]). □ 



4.2 Replacement of smooth structures 

Let M be a C°° closed manifold of dimension n and $ be a C°° codimension-one 
Anosov flow on M. Let TM = T$ © E" 58 © be the Anosov splitting, T be 
the weak stable foliation, and T uu be the strong unstable foliation of <E>. Recall 
that J 7 is a C 1+ foliation with C°° leaves. 

Fix an integer r > 1 and a C r+ one-dimensional foliation C that is transverse 
to T. By 7r K and 7r a , we denote the natural projections from R" = l™" 1 x R 
to R n_1 and R, respectively. For each p £ M, we can take a C 1+ coordinate 
(p p : t/p— >R™ and a C 1+ map L p : (— 1, 1)— >F uu (p) that satisfy the following 
conditions: 

1. ip p (p) = (0,0) and ip p (U p ) = (-1,1)". 

2. ^((-l.l)"- 1 xj)c .F(g) and ^(z x (-1,1)) C C{q) for any q = 

3. 7r x o <p p is of class C r+ . 

4. Lp(0) = p and L p (y) g ^™(p) n ^((-l, l)"" 1 x y) for any v g (-1, 1). 

For p, q g M, there exist C (-l,l) n_1 , C (—1,1), and maps (p* q : 
V£-(-l, I)"" 1 and ^ : V™ ->(-l, 1) such that 

ippop- 1 ^^) = ((p* q (x),ip v pq (y)). 
Since <I> is Anosov, we can take a C°° metric g on TM and A > such that 
inf r {a£(p,t;F,g),-f3*(p,t;F,g)} >X-t (4.2) 

p£M 

for any i > 0. Put f(p) = — (da<s>/dt)(p, O;^ 7 , g). Since T.F is of class C 1+ and 
a$ < /3$, the function / is Holder continuous and positive. By Theorem 13.11 
there exists an element v = {v p } P £M of A4(§) and a constant p$ > such that 



(p) =/?$•/ / o $ T (p)dr = -p$ • a$(p,t; J", 3) (4.3) 
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for any p £ M and t £ R. Since L p is a homeomorphism onto its image, the 
measure v p o L p on (—1, 1) is well-defined for each p £ M. We define a function 
T] p on (-1, 1) by 

»7p(y) = / d{v p oL p ). 
Jo 

Lemma 4.2. For eachp £ M, ?7 P is a bi-Holder homeomorphism onto its image. 

Proof. Since f p is non-atomic, locally finite, and positive on each non-empty 
open subset of T uu {p), the map r] p is a homeomorphism onto its image. 

The metric g on M induces the Lebesgue measure on F uu (p) for each 
p £ M. There exist constants C > and A + > A_ > such that e A -*~ c < 
||£>$*| BU „ (p) || < e x + t+c for any p £ M and any f > 0. Take A' + > A'_ > such 
that A'_ < p$ • f(p) < X' + for any p £ M. Then, we have 

e x '- 1 ■ u p (U) < v* t{p) (U) < e A '+* . Up (U) 

for any p £ M, any t > 0, and any Borel subset U of T uu {p). Since the 
function (p, a) i— > (d{v p o h pq )/dv q )(q) is continuous, there exists C > such 
that e~ c < v P {I P ) < e~ c for any p £ M and any interval J p in T uu {p) with 
i/p(I p ) = 1. For any p £ M and any interval J in T uu (p) with v^(I) < 1, there 
exists f > such that z/ p (<&*(/)) = 1. We have 

e -A+t-C < ^ (/) < e -A-t+C 
e- A +*- C ' <^(/)<e- A '- t+C ', 

and hence, 

^(/) A + <e x + c ' +x '- c -^(I) x '-, 
Vp(lf+ < e x - c ' +x '+ c -iy p (I) x -. 

Since (<p p 1 )*g is comparable with the Euclidean metric on (p p (U p ), the above 
inequalities shows that v p is bi-H61dcr continuous. □ 

Lemma 4.3. For any p,q £ M, the map rj p o <pV o r/" 1 on ??p(V^) is of class 
C 1+ . 

Proof. Fix p £ M and yo £ (—1,1). Suppose that q £ M is sufficiently close to 
p so that the holonomy map h pq : T uu {q)^T uu {p) of T s is well-defined on a 
neighborhood of L p (y ). Since kp v pq = Lp 1 o h pq o L q , we have 

d(v p oL p o tpy pq ) _ d{v p o h pq ) ^ 
d{v q oL q ) dv q q ' 
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Therefore, 

v P ° v v pq ° v^iv) -v P ° f v pq ° % l {vo) 

= \ d{v p o L p ) 

= / W ° ^9 ^ ° L «) 

= / "i °( L q°V q ){v)dr). 

Since o h pq )/dv q is Holder continuous by the definition of A / (($), the map 
Vp ° ^Ppn 01 lq 1 is 01 class C 1+ at y - d 

We define a map </j p : U p — >R n by 

<p p o<p- 1 (x,y) = (x,r] p (y)). 

The above lemma implies that the family {(^ p } pg M defines a C 1+ -structure on 
M. We denote this C 1+ -manifold by M. The identity map on M as a set 
induces a map : Af— >M. It is bi-H61der by Lemma T4.21 but is not of class 
C 1+ in general. Put J- = im(3~) and C — i^/(£). By the definitions of ip p and 
<£p, both T and £ are C 1+ foliations and the restriction of «m to each leaf of 
T is of class C 1+ . Hence, the map !m induces a bi-H61der isomorphism D x im 
from TJ 7 to Tjf". 

We define a continuous flow $ = {$*}t6R on M by I 1 = iu ° ° i^- Since 
p o ¥ o 1 = (Id xi] p ) o o $* o tp- 1 ) o (Id XT?" 1 ), 

it is a C^. +:0+ flow by Lemma 1431 The flow $ is generated by a Holder contin- 
uous vector field. We denote it by X. Take a Holder continuous metric g such 
that TpM — TJF{p) K • D(p p {d / dy) is an orthogonal splitting with respect to 
g for any p E M, (X>siAf)*(s| T ^) = sItjf, and ||D0- x (e?/9j/)|| g = 1. We can 
check that 

a$(lM(p),t,-F,g) = (P) = -P<s> ■ a<f>{p,t;F,g), 

dVp 

Lemma 4.4. Let {§k)k>i be a sequence of C 1+,0+ flows on M that converges 
to $ in the C 1: ° topology. Then, is topologically equivalent to $ for any 
sufficiently large k. 

Proof. We mimic the proof of the structural stability of Anosov flows. Let T ss 
be the strong stable foliation of <f>. Put T ss = im (J- ss ). It is a Holder foliation 
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and its restriction to each leaf of T is of class C 1+ . Let d p s be the distance 
on T ss (p) that is induced from the restriction of the metric g to T ss (p). Since 
D x %m is an isometry, there exists T > such that 

df T{p) (* T (p),* T (q)) <\d?(p,q) (4.4) 

for any p,q £ M. 

Let Yk be the vector field that generates It is Holder continuous and 
converges to X as a C° vector field. Take fco > 1 so that Yk is transverse to 
J rss for any k > kg. For any k > ko, there exists a cocycle Ck over <3E> such that 
$fc fe(p,t) (p) G .F ss ($'(p)) for any p G A/ and i G R. We define a flow on M by 
^fc(p) = (p). Since JF SS is Holder continuous and its restriction to each 

leaf of T is of class C 1+ , we can show that the flow ^k — {^jJteR is of class 
C^ + ' 0+ and the sequence (^k)k>i converges to $ in the C 1,0 -topology. Hence, 
there exists ki > k$ such that 

d *Z( P )(*k(p),*k(<l)) < \d s ;{p,q) (4.5) 

for any p G M, q G F uu (p), and k > k x . 

Let T{T SS ) be the set of continuous self-maps H of M such that H (p) G 
T^ip) for any p G M. We define a metric d r on r(^ ss ) by d r (H 1 ,H 2 ) = 
su P p eM dp S {Hi(p), H 2 (p)). For k > k ly we define a flow r fe on r(^" ss ) by 

r*(^)(p) = $ t o J H'o*-*(p). 

The inequality (|4.4| implies 

d r (r£(ffi),lf(ff 2 )) < IdriHuHi). 

By the contraction mapping principle, there exists a fixed point Hk of Tk that 
is homotopic to the identity and satisfies 

S wpd s p s (p,H k (p))<C k (4.6) 
petit 

for some Ck > 0. It is easy to check that Hk is surjective and satisfies 

H k o $^ (p ' 4) (p) = A* o ** (p) = & o H k (p) 

for any p G M and tel. Hence, the proof is completed once we show that 
Hk is injective. Suppose Hk(p) — Hk(q) for some p,q <E M. Then, both 
Hk{p) — Hk(q) and q are contained in T ss (p). By the inequalities (|4.5p and 
(|4.6[) . we have 

2 l d p s (p,q) < d^ lT{p) (^ lT (p),% lT (q)) 

< d s ^ lT(p) (H k o *k lT (p),H k o *fe' T (q)) + 2C fc 

= dr-, T(p) (*-' r (fffc(p)),*- ,r (fffc(3))) + 2C fc 

for any I > 1. By the assumption Hk(p) = Hk(q), the last term is equal to 
and hence, we have p — q by taking l—>oo. Therefore, iffc is injective. □ 
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4.3 Proof of the main theorem 

Fix an n-dimensional closed manifold M, a C°° codimension-one topologically 
transitive Anosov flow <!>, and a C°° metric g on TM that satisfies (|2.3[) for 
some A > 0. As the preceding subsection, let T be the weak stable folia- 
tion of <£> and (y, p$) be the pair obtained by applying Theorem 13. II to <I> and 



The proof of the main theorem is divided into the following two propositions: 

Proposition 4.5. p$ = 1 and <& is topologically equivalent to a C°° Anosov 
flow whose weak unstable foliation is of class C l+ . 

Proposition 4.6. If the weak unstable foliation of is of class C 1+ , then <!> is 
topologically equivalent to a C°° Anosov flow that preserves a C°° volume. 

Proof of Propoisition \4-5\ Let £ be a C 2+ one-dimensional foliation that is 
transverse to T . As the preceding subsections, we take families {ip p } p ^M and 
{<Pp}p£M of coordinates associated with (J 7 , L) and v. Let U p , ip pq , rj p , %m, M, 
JF, and $ be the ones that are given in the preceding subsection. Remark that 
the map <p pq is of class C 2+ . 

We say a continuous flow f ona C 1+ closed Riemannian manifold (Mi, gi) 
satisfies the property (A) e for e > 0, if there exists a C 1+ codimension-one 
foliation T\ on M\, T > 0, and C > such that 4" is a C^- + ' 0+ flow and 



for any p £ M\ . Since and a^, are cocycle and (3^ (p, s + t) < (3^ (p, s) + 
(3^(^ s (p),t) for any s,t > 0, we can see that if ^ satisfies the property (A) e 
and another C 1+ ' 0+ flow ^' on Mi has the same oriented orbits as "J/, then ^f' 
also satisfies the property (A) e . 

We will show that p$ = 1 and that $ is topologically equivalent to a C°° 
flow on a C°° manifold that satisfies the property (^4) i . It completes the proof 
of the proposition by Lemma 14.11 

Fix a finite subset S of M such that Upes Up — M . Take a C 1+ partition 
of unity {£ p } p6 s associated with the covering {u/(^p)}pGS of M. Let X and 
X be the vector fields that generate $ and $ respectively. For p £ S, we define 
a family (<Jp,m)m=i °f functions on Lp p (U p ) by 



We can see D(p(X)(x,y) = Dip(X)(x,r/~ 1 (y)) for any (a;, y) £ (p p {U p ). Hence, 
a Pjm and da p ^ m /dxj are Holder continuous for any j, m = 1, • • • , n — 1. 

Fix a C°° non-negative function £ on R such that its support is compact and 
its integral over R is one. For k > 1, we define a function a p m by 



(da<s>/dt){ ■ ■ ;T,g). 



mm{a^{p,T-,Ti,g 1 ),-f3^{p,T-,T 1 ,g 1 )} > C, 
|p$ • a*(p, T;Ti,gi) + a^(p,T; Ti,gi)\ < e ■ C 
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By the standard arguments on mollifiers, we can show that a p m is of class C 1+ 
and it satisfies 



lim Nctp m (*o) — (Cp )(. w )\ 



n-l 



iim y 



da 



dxj 



(w) 



d(C p ■ a 



//./// J 



(w) 



0,p 



0,p 



0, 



(4.7) 
(4.8) 



where \\h\\ ,p = sup weMVp) \h(w)\. 



Put 



Then, we have 



pes 



'n-l 

E 



8Xr 



'n-l 



D<p q (X k ){x,y) = y j D{ip q oLp p 1 ) I y, a k pm (x p ,y p ) 
pes \m=l 



EE, 

p es m=l 



a p,m( X P' 

y P )D{<Pq p )a 



dx Tl 



where (x p , y p ) = (p p o(p q 1 (x, y). Since <p pq is of class C 2+ and (p p oip q 1 is of class 
C 1+ , the vector field Dip q (Xk) is of class C 1+ for any q E S. In particular, 
generates a C 1+ flow on M that is tangent to T. We denote it by By the 
inequalities (|4.7|) and (|4.8|) . the sequence converges to $ in the C 1 ' - 

topology. It implies that the flow <tk is topologically equivalent to $ by 14.41 
For any given e > 0, the flow $ satisfies (A) e . Hence, satisfies the property 
{A) € if k is sufficiently large. 

We show that p$ = 1. If it is not, there exists fco > 1 such that $fc satisfies 
the property (A) e for e = |1 — p$|/2. Put * = . Let £ be the orthogonal 
complement of T<I> with respect to g. Take a metric g' on TM such that the 
splitting TM = T'l' © £" is also orthogonal with respect to <?', <?'|£ = gls, and 
|| Xi$ = 1, where is the vector field that generates \P. Remark that the 
metric is Holder continuous and satisfies 

logdet g 'D**(p) = a^(p,t.J : ,g) + a^(p 7 t;J r ,g). 

Let T and C be constants in the definition of the property (A) e for 'J. Then, 
we have 

inf I log de% 

peM 

= inf \ay(p,T;F,g) +a>y(p,T;j t ,g)\ 
peM 



> inf {|1 - p<s,\ ■ \a^{p,T\P,g)\ 
peM 



|p$ -a*(p, T;T,g) + a*(p, T;T,g)\) 



~ 2 1 



p*| > 0. 
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It contradicts that M is of finite volume with respect to the volume induced 
from g' . So, we have pphi = 1. 

Fix fci > 1 such that satisfies the property (A)(i/ 2 ). By Corollary 12.21 
M admits a C°°-structure that is compatible with the C 1+ -structure and such 
that the orbit foliation of $fe x is generated by a C 1+ vector field Y as an oriented 
foliation. Let be the flow generated by Y. It satisfies the property (A)^^), 

By approximating the vector field Y\ by a C°° one, we obtain a C°° Anosov 
flow that is topologically equivalent to ^i, and hence, to <I>. Since the 
tangent space of the stable foliation of is C°-close to that of ^i, we can see 
that satisfies the property (A)n/ 2 y As mentioned at the beginning of the 
proof, it completes the proof of the proposition. □ 

Proof of Proposition p75[ Let T u be the weak unstable foliation of <E>. By the 
assumption, we can take the C 1+ foliation C that is transverse to T and satisfies 
C(p) C ^F u {p) for any p £ M. As the preceding subsection, we take families 
{ip p }p£M and {(pp} p eM of coordinates associated with (J 7 , C) and v. Let rj p , M, 
f, and $ be the ones that are given in the preceding subsection. 
Put T u = i M {T u ). We define a foliation O p on (-1, l)™" 1 by 

<p-\O p (x) x 0) c {^o^^O) \t£R}. 

It isaC 1+ foliation satisfying ip p 1 (O p (x) x (— 1, 1)) c J 7U ((pp 1 (x,y)), and hence, 

Lp-^Opix) X Vp ((-1, 1))) C Fty- 1 ^)), 

for any p £ M, (x,y) £ (-1, 1)", and y £ r] p ((-l, 1)). Therefore, T u is a C 1+ 
foliation. 

Let O be the orbit foliation of <&. Each leaf of O is the intersection of leaves 
of jF and JF", and hence, the foliation O is of class C 1+ . By Corollary 12.21 
M admits a C°°-structure that is compatible with the C 1+ -structure of M and 
such that O is generated by a C 1+ vector field Y. Let ^ be the flow generated 
by Y. Since a*, a^, and are determined by holonomy maps of O, we have 

p-s> ■ a* (p, i ; .F, 5) + "* (P 5 1;^,9) = (4-9) 
for any p £ M and t£R, and there exists T > such that 

sup/3*(p,T;^,.g) < 0. (4.10) 

Since a*(p, £) < /3*(p, i), Lemma [4~T1 implies that \& is an Anosov flow. 

By Proposition 14.51 we have p$ = 1. The equations (|4.9p implies that 
\P preserves a Holder continuous volume. Now, the proposition follows from 
Proposition 12.31 and the structural stability of Anosov flows. □ 
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A A short proof of Theorem 12.11 



In this appendix, we give a short proof of Theorem 12.11 

Let m be the dimension of T . We identify the tangent space T Z R" of R" 
at z £ R" with R" = R m © R"~"\ Let || • || be the Euclidean norm on R fc for 
each k > 1. For e > 0, a G°° coordinate ip on an open subset U v of M is called 
(J 7 , e)-adapted if ^(C/ v ) = (—9, 9)" and 

D V {TT{p)) C {v © t/ £ T v(p) R" = R m © R n - m \ \\v'\\ < e\\v\\} (A.l) 

for any p <ElJ v . For a foliation (y on M, let U r+a (Q) be the set of points p G M 
such that TQ is of class G r+Q on a neighborhood of p. 

Lemma A.l. Let Lp be an (J-, I) -adapted coordinate. For any compact subsets 
Vo C U r+a {J-) and any C r -neighborhood U of the identity map in the space of 
C r -diffeomorphism of M, there exists a C r+a difjeomorphism H G U such that 

Vo U ^([-1, 1]") G U r+a (H(T)). (A.2) 

Proof. By (jA~T]) . there exists a G r+Q map F : [-4, -4]™->(-9, 9)"~ m such that 
ip~ x {w,F(w,z)) G J r ((/?~ 1 (0, z)) and z) — z|| < ||w|| for any (w,z) G 

[-4,4]" = [-4,4] m x[-4,4]"-"\ PutC/ = <p -1 ({(u>, F{w, z)) \ (w,z) G [-4,4]"}). 
For a map G from [-4,4]" to R" or R"~ m , let V r+a (G) be the set of points 
w G R" such that G is of class C r+a on a neighborhood of w. 

Fix a C°° function A on [—4, 4]" such that < A(w, z) < 1 for any (w, z) G 
[-4,4]", A(w,z) = on [-4, 4]"\[-7/2, 7/2]", and X(w,z) = 1 on [-3,3]". 
For any given G°° map / : [-4, 4]"^(-9, 9)"" m , we define C r+a maps G } : 
[-4, 4]"->(-9, 9)" and H f : M->M by 

Gf{w, z) = (w, (1 — A(w, z))F(w, z) + \(w, z)f(w, z)) 

and 

H { ) J^oG/o g,; 1 o V (p) (p g to (A 3) 

Remark that [-1,1]" C G F ((-3,3)") and 

^r+a ( 9F\ +a f dGf 



for any j = 1, • • ■ , n. 

If / is sufficiently C 1 -close to F, then iff is a diffeomorphism. Since 

^ o G/d-4,4]™ x z) c ^/(^(v- 1 o Gf(w, z)) 

for any (w, z) G [—4,4]", we have 

U r+a (H f (T))nH f (U) = V - 1 oG f \f]v r+a (^) ) . (A.5) 



\i =1 
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In particular, 




U r+a {T) n U = ip- L o G F [ I V r+a ^ (A.6) 



since Gf(x,d) — (x,F(x,y)) and Hp is the identity map. 

There exists a C r -neighborhood V of F such that Hf is a diffeomorphism 
in Vo C H f {U r+a {T)), and [-1, 1]™ C G/((-3,3) 2 ) for any / G V. By the 
relations (|A.3|) . (|A.4|) . (|A.5|) . and (IA.6|) , the diffeomorphism Hf satisfies the 
required condition (|A.2|) for any C°° map / G V. □ 

Now, we prove Theorem l2.ll Fix a family {fi}i = i of {T, l/2)-adapted coor- 
dinates so that Ui=i Vi -1 ^ - 1]™) ~ Take a C r neighborhood U of the iden- 
tity map on M so that cpi is (H(!F), l)-adapted for any H Gld and i = 1, • • • , fe. 

Proof is by induction of i. By Lemma [A. 11 there exists Hi £ U such that 
^([-M]") c U r+a (Hi(F)). Suppose that there exists H z e U such that 
\Jj=l !]") C U^iH^J 7 )) for some i < fc - 1. Applying Lemma[0 

to <^i+i and Uj=i ^i" (t — -*-]")' we obtain a diffeomorphism ifj+i G U such 
that Ut+i ^(b 1 ; !]") C £/ r+ "(iJ i+ i(.F))- It completes the induction. 
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